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Abstract. Let S be a closed surface with nonzero Euler characteristic. We 
prove the existence of an open neighborhood V of the identity map of S in 
the C^-topology with the following property: if G is an abelian subgroup 
of Diffi(S) generated by any family of elements in V then the elements of 
G have common fixed points. This result generalizes a similar result due 
to Bonatti and announced in his paper Diffeomorphismes commutants des 
surfaces et stabilite des fibrations en tores. 



1. Introduction 

Bonatti has proven in 2 the foUowing result. 

Bonatti's Theorem. Let T, be a closed surface with nonzero Euler characteristic. 
Fixed k G Z+, there is an open -neighborhood Uk of the identity map of E 
satisfying the following: if G is an abelian subgroup of Diff^(I]) generated by k 
elements in Uk then for some p G S we have f{p) — p for all f G. 

We remark that in the above theorem the size of the neighborhood Uk depends 
on the number k of generators of the abehan group G unless S is the 2-spliere 
or the projective plane MP'^. In fact, the cases and MP^ were treated by 
Bonatti in T and in these cases the neighborhood of the identity map can be chosen 
to be uniform. 

The purpose of this paper is to prove that even when E is different from 
and RP^, there exists a distinguished C^-neighborhood of the identity map of E 
where the above theorem holds regardless of the number of generators of the group 
G. Precisely, we prove the following theorem. 

Theorem 1.1. Let be a closed surface with nonzero Euler characteristic. Then 
there exists an open G^ -neighborhood V of the identity map of E having the fol- 
lowing property: if G is an abelian subgroup of Diff^(E) generated by any family 
of elements in V then for some p ^Y, we have f{p) = p for all f d G. 

With regard to the techniques of Bonatti's paper we observe that he provides 
a neighborhood U2 of the identity map of E such that two commuting diffeomor- 
phisms in this neighborhood have common fixed points. To guarantee the existence 
of a common fixed point for three commuting diffcomorphisms, he needs to shrink 
the neighborhood U2 to a certain neighborhood U^. Similarly, U3 have to be 
shrink if there is four or more diffcomorphisms. Our argument consists of showing 
that the above mentioned sequence U2,U3, . . . of neighborhoods actually stabilizes 
at some integer depending only on the topology of the surface. 
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Since we are dealing with abelian groups generated by diffcomorphisms close to 
the identity map their lifts to a double covering space still form an abelian group 
with generators close to the identity. Therefore, by using the double covering of 
the orientations of S we conclude that to prove Theorem ll.ll it suffices to prove it 
for orientable closed surfaces with nonzero Euler characteristic. 

We close the introduction with the following question. 

Does our theorem hold for homeomorphisms C'^ close to the identity map of 
a closed surface E? It seems to the author that this question remains open even 
for C^-diffeomorphisnis that are C'^ close to the identity map. Handel, in [H], 
proves the existence of common fixed points for two commuting homeomorphisms 
of which are, for example, close to the identity map. Moreover, as to higher 
genus surfaces, he proves that two orientation preserving -diffcomorphisms / 
and g which commute have at least as many common fixed points as F and G do, 
provided that F and G are pseudo-Anosov. Here, F and G stand for the home- 
omorphisms respectively obtained from / and g by the Thurston Classification 
Theorem for surface homeomorphisms. 



From now on S will be a closed connected oriented surface embedded in the 
Euclidean space M.^ endowed with the usual norm denoted by || • ||. The distance 
in E associated to the induced Riemannian metric from M.^ will be denoted by d 
and we denote by B{x ; p) the closed 2-ball centered at x with radius p G (0 , oo) 
with respect to d. 

The C^-norm of a given C^-map : S — > is defined by 



Defined on the real vector space consisting of C^-maps from E to M"^, this norm 
induces a distance between C-'^-maps (p, ?/; : E ^ M'^ given by — i/"!!!- The 
distance between two C^-diffeomorphisms f,h of E is, by definition, the distance 
between / and h as C^-maps from S to M.^. This distance on the space of 
all C^-diffeomorphisms of E defines the so-called C^-topology and the group of 
C^-diffeomorphisms of E endowed with this topology will be denoted by Diff ^(E). 

Given a list Ti of elements in Diff^(E) , let Fix(7i) denote the set of common 
fixed points of the elements of H. In other words, Fix{H) — ClfeH ^^^if) where 
Fix(/) is the set of fixed points of /. 

The positive semi-orbit of p G E by a diffeomorphism / is the set Op{f) = 

{/"(p) ; n > 0}. Its closure in E wiU be denoted by Op (/) . We say that p e E 
is a uj-recurrent point for / if p is the limit of some subsequence of (/"(p))„>o ■ 
Let a,6 S E be such that d{a,b) is smaller than the injectivity radius of the 
exponential map associated to the metric of E. For such a , 6 we denote by [a , 6] 
the oriented geodesic arc joining a to 6 which is contained in the disc of injectivity 
centered at a. 

Fix K > such that d(a, b) is smaller than the injectivity radius of the expo- 
nential map whenever ||6 — a\\ < k. 

Now, given / e Difl[^(E) such that 11/ - Id||i < K , let Xf be the standard 
vector field on E associated to / as follows: Xf{x) is the tangent vector to the 
geodesic segment [x ,f{x)] at the point x with orientation given by the orientation 



2. Notations and definitions 
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of [x , f{x)] whose norm is equal to ||/(a;) — The smgular set oi Xf is the set 
Fix(/). 

Moreover, let p G E — Fix(/) . Following Bonatti 0, a piecewise geodesic simple 
closed curve I^^ on E is said to be supported by Op{f) if each geodesic arc of 
I^^ is contained in some segment [f^{p) satisfying 

d{f{p) , Pip)) < I d{f{p) , f+\p)) where i,j>0. 

Consider < a < tt. We say that ly is a-tangent to the vector field Y provided 
that the following conditions are satisfied: Y has no singularities along and for 
one of the two possible orientations of TjF and for each point a; of a geodesic arc 
r2 of I^'' the angle between the vector Y{x) and the unitary tangent vector to fi 
at X induced by the orientation of ly is less than a for all a; G fi. 

Furthermore, let 7^ denote the curve obtained by concatenating the segments 

[rip),r+Hp)] for *>o. 

The following topological result about compact surfaces will be very important 
in our proofs. It will be used in the proof of Theorem 15. II and in the proof of the 
Main Lemma. 

Let E C be an oriented connected closed surface. Then there is an integer 
TV > 4 with the following property: 

Given any compact connected surface 5 C E with boundary such that each 
connected component of its boundary is not null homotopic in E, one has: 

• The number of connected components of dS is less than N; 

• If ai,...,a7v C Int(iS) is a list of pairwise disjoint simple closed curves 
then there are two distinct curves , aj in that list which are homotopic 
in S. Consequently, 

- either each one of these two curves bounds disks embedded in S ; 

- or these two curves bound a cylinder embedded in S. 

We remark that the constant iV > 4 considered in the last paragraph will 
frequently be used in all this paper. 



3. Some known results 

In this section we recall some technical results from |2] which play a key role in 
this note. 

Given e > let {Vk{e)}k>i be a decreasing nested sequence of open neighbor- 
hoods of the identity map of E in the C-'^-topology inductively defined as follows: 

. Vi(e) = {/eDiffi(E) ; ||/ - Id||i < e}; 

• Fixed Vfc(e) for some positive integer k we choose Vfe+i(e) so that the 
following holds: 

if /i, . . . , f2N+i e Vfe+i(e) then /10/2 o • • • of2N°f2N+i e Vfc(e) 

where /10/2 o • ■ ■ °f2N°f2N+i stands for the composition of maps. 

We always assume that e < k so that we can guarantee that [p,f{p)] is well 
defined whenever / G Vi(e). 

Lemma 3.1. (Bonatti) There exists < ei < k such that every pair of elements 
/, /i G Diff (E) satisfies the following : 
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(1) If f G Vi(ei) and f{p) ^ p then f does not have fixed points in the ball 
B(p ; 4 d{p , f{p))) ■ In particular, f does not have fixed points along curves 
supported by Op{f) if such curves exist. 

(2) If f £ Vi(ei) and p G S — Fix(/) is a oj-recurrent point of f then there 
is a curve supported by Op{f) and j^-tangent to Xf. 

(3) // f,h G V2(ei) commute and pi G Fix(/io/*) — Fix(/) then hof^ has 
no fixed points in the ball B(pi ; 4 , /(p^)) where j ^ i and i,j G 
{0, . . . , 2N}. In particular, ho f^ does not have fixed points along curves 
supported by Op.{f). 

(4) If f,h G V2(ei) commute, < d{pi,p) < and the segment 
[pi,p] is -^-tangent to the vector field X f then the segment [pi,p] is 
tangent to the vector field Xfi„ fj forallj^i. Here i ,j G {0,1, ... ,2N}, 
p Ell and pi G Fix{h o /^) - Fix(/). 

The simple closed curve ly obtained in item (0) of Lemma 13.11 will be called 
character curve of / at p. 

The results listed in Lemma lTTI are proven in |2j for the integers i , j G {0, . . . , N} 
where N was defined at the end of the last section. Nonetheless, it is easy to see 
that the proofs in 2 also work for an arbitrary positive integer modulo reducing 



4. Preparing the proof of Theorem 11.11 

In this section we shall establish three lemmas which will be used in the next 
section to prove Theorem ll.il The proof of the first lemma is, in fact, contained in 
the proof of Lemma 4.1 of ^ pages 67-68]. We repeat the arguments here because 
our hypothesis are not exactly the same as those used in Bonatti's paper. Besides, 
in section IHl the argument below will be further adapted to apply to more general 
and technical situations. Lemma l4. II below says that curves supported by positive 
semi-orbits are disjoint under appropriate conditions. 

From now on the neighborhood Vfe(ei) will be denoted simply by Vk for all 
k G Z+ where ei is always given by Lemma l3. II 

Lemma 4.1. Let f,h G Vi be commuting diffeomorphisms and let TjF,Tf^ be 
curves supported respectively by Op{f) ,0^{h) where 

p G Fix(/i) - Fix(/) and q G Fix(/) - Fix(/i). 

Then we have : 

• 7;nr,^ = 0; 
. r/ n r^'' - ; 
. o+if) n r^^ = 0. 

Moreover, if p > is such that 

d{x,f{x)),d{y,h{y))>p , VxgO+(/) and WyeO+{h) 
then d(r/,i;^'^) > p. 

Proof. Let us first prove the second item. To do this we suppose for a contradiction 
that Tj' n 7^ 0. Thus, there exist integers m,n, k,l > such that 

[f''\p),rip)]n[h\q),h\q)]^(l} 
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where 

d{r{p) , rip)) < 1 d{r{p) , r+\p)) ^ 

d{h\q),h\q))<ld{h\q),h''+\q)). 
By the triangle incquahty we obtain: 

d{r{p),h\q))<d{r{p).r{p))+d{h\q),h\q)) 

< ld{rip),r+'{p))+ld{h\q),h''+\q)) 

< 3 max {d{rip) , r+\p)) , d{h\q) , h^+\q))]. 

Therefore, we have the foUowing two possibihties: 

- either h^{q) is in the ball B(/"(]5) ; 3 d{f"^{p) , which is impos- 
sible by item of Lemma 13.11 since the map / has no fixed points in 
B(/'"(p) ;3(i(/"(p) Note that /i*=(g) e Fix(/) which follows 
from the commutativity; 

- or /"(p) is in the baU B(h''{q) ■,id{h^{q) ,h'^+^{q))) which is impossible 
by the same reason. 

This finish the proof of the second item. 

The reader will notice that the above arguments prove also the first item. The 
last item follows from observing that Op{f) C Fix(/i) and h is free of fixed points 
over I^' thanks to item |^ of Lemma l3. II 

To prove the second part of the lemma let us suppose for a contradiction that 
, Tj^) < p. Then there exist m,n,k,l > satisfying (|4.1.1II and two points 

a e [rip), rip)] and b G [h'^ iq) , h\q)] 

such that (i(a ,b) < p. Therefore, 

dirip) , h'^iq)) < dirip) , rip)) + dia , b) + d{h\q) , h'iq)) 

< I dirip) , r+\p)) + P + i dih\q) , h^+' iq)) 

< 4 max {dirip) , r^\p)) , dih\q) , h'^+\q))}. 

Now, we finish the proof by using exactly the same arguments used to prove that 

r/ n = 0. □ 

The next lemma is a version of Lemma 5.1 in P| page 69] for the surface E. It 
is a version of Bonatti's Theorem in [2] for a special kind of boundary. 

Here we use the notation x e Fix(/i, . . . , fx, . . . , fm) to mean that x G Fix(/i) 
for all i G {1, . . . , m} and i ^ X. 

Lemma 4.2. Let fi, ■ ■ ■ , fsN G V3N+1 be commuting diffeomorphisms and let 
S (1 T, be a compact connected surface with 7^ 0. Suppose that any connected 

component T of dS satisfies the following : 

• T is not null homotopic in I] ; 

• T is a character curve of fx at 

p G Fix(/i , . . . , 7a , . . . , fsN) - Fix(/A) 
for some A G {1, . . . , 3A^}. 
Then /i, . . . , f^N have common fixed points in Int(5). 

We notice that this lemma contains the case 5 = 1]. Moreover, by the definition 
of the integer N we have that the number of connected components of dS is less 
than N. The proof of this lemma will be deferred to section |7| 
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The proof of the next lemma is easily obtained from the proof of Lemma 5.1 in 
P page 69]. 

Lemma 4.3. Let /i, . . . , /n G Vi be commuting diffeomorphisms and let be a 
character curve of f„ at 

peFix(/i,... ,/„_i)-Fix(/„). 

// ly bounds a disc in S then /i , . . . , /« have a common fixed point in the 
interior of that disc. 



5. Proof of Theorem II. II 

Theorem ll . II will be obtained as an easy consequence of Theorem lS.ll to be stated 
and proved below. The proof of Theorem lS.ll is by induction and by contradiction. 
It consists of two parts. In the first part the induction procedure is initialized 
(i.e. the first step of the induction is stablished). This part will be carried after 
the proof of Lemma 14.21 in section [3 There, we shall recast Bonatti's proof 
in a more general context (with boundaries) for k diffeomorphisms of E where 
2 < k < 3N (recall that N was defined at the end of section ^ . This argu- 
ment will also go by induction and by contradiction. At each step of the induction 
procedure over fc, the neighborhood of the identity in question will be reduced to 
guarantee the existence of a common fixed point for the diffeomorphisms. Roughly 
speaking, the technical reason to reduce the neighborhood is that we need to con- 
struct N special character curves pairwise disjoint by using k+1 diffeomorphisms 
fi, ■ ■ ■ , fk, fk+i (once the existence of the common fixed point for k diffeomor- 
phisms has been stablished) . The construction of these character curves is carried 
out by using the positive semi-orbit by fk+i of common fixed points of the k 
diffeomorphisms /i, . . . , fk-i,fk °fk+i where i G {!,..., N}. In view of the dif- 
feomorphism fk °fl+i, the neighborhood of the identity needs to be reduced so as 
to guarantee that fk °fk+i belongs to the neighborhood obtained in the previous 
step of the induction (i.e. the case of k diffeomorphisms). This technical question 
is already apparent in Bonatti's proof of 2, page 109]. 

In the second part of the proof we have a family consisting of more than 3A'^ 
commuting diffeomorphisms. In this case these N special character curves pair- 
wise disjoint will be obtained through the positive semi-orbit by fj of the common 
fixed points of the diffeomorphisms /i, . . . , /j, . . . , /a^v+Ti+i where fj will be con- 
veniently chosen from the set {/at+i, . . . , /sat}. Finally, with this new construction 
procedure of the N pairwise disjoint character curves, we shall be able to keep the 
same neighborhood of the identity for 3A'^ diffeomorphisms. 

The construction of the character curves carried out in the second part of the 
proof, which exploits the existence of a large number of generators, is the essential 
difference between Bonatti's proof and the present one. Naturally, in order to apply 
this strategy, Bonatti's Theorem has to be extended to a more general settings. Such 
extension however will be accomplished by using the same arguments employed in 

mm 

On the other hand, to construct these iV character curves supported by ap- 
propriate semi-orbits, it will be necessary to ensure that the semi-orbits remain 
in Int(<S). It will also be necessary to guarantee that the corresponding character 
curves are disjoint and do not intersect the boundary of S. For all that. Lemma 
14.11 will be crucial. 
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As a matter of fact, the strategy used in the second part is imphcit in the proof 
of Bonatti's Theorem for S'^ in In this case, only two diffeomorphisms are 
needed to implement the construction of the character curves. As a consequence, 
the first part of the proof is superfluous in this case. 

Theorem 5.1. Let n > be an integer and let 

/l: ■ • ■ I Jn, hi, ... , h2N+n £ VsAT+i 

he commuting diffeomorphisms. Consider a compact connected surface 5 C E with 
^ 0. Suppose that any connected component T of dS satisfies the following: 

• T is not null homotopic in S ; 

• T is a character curve of f\ at 

p e Fix(/i , . . . , /a , . . . ,fN,hi,... , h2N+n) - Fix{fx) 
for some A G {1, . . . , N}. 
Then /i, . . . , /^r, hi, . . . , h2N+n have common fixed points in Int(5). 

Proof. We argue by induction on n > 0. 

The theorem holds for n — Q since this case reduces to Lemma f4. 21 

Now, let us assume that it holds for some integer n > 0. Also, let us suppose 

for a contradiction that /i, . . . , /jv, hi, ... , h2N+n, h2N+n+i do not have common 

fixed points in Int(iS). 

By assumption, if dS ^ then each connected component of dS is a character 

curve rj'^ of fx at 

p\ e Fix(/i, . . . , /a, . . . , /jv, /ii, . . . , h2N+n, h2N+n+i) - Fix(fx) 

for some A e {1, . . . , N}. 

For each j ^ {1, . . . , N} let us consider the list 

fl, ■ ■ ■ , fN ,hi, . . . ,hj, . . . , hN, . . . , h2N+n+l 

of 3-/V + n diffeomorphisms. From the induction assumption on n we conclude 
that there exists a point qj G Int(iS) such that 

qj e Fix(/i, ...,fN,hi,...,hj,..., /i27V+n+i) - Fix(/ij) 

since fi, . . . , f^ , hi, . . . , h2N+n+i do not have common fixed points in Int(iS). 
From Lemma [4. II we know that 0^j{hj) C Int(iS). On the other hand, Oq^{hj) is 
invariant by hj and contained in 

Fix(/i, . . . , fN ,hi, . . . ,hj, . . . , h2N+n+i) - Fix(/ij). 

Now, thanks to Zorn's Lemma, we can assume without loss of generality that qj is 
a w-recurrent point for hj . 

Besides, the maps fi, . . . , f^ ,hi, . . . , h2N+n+i do not have common fixed points 
over dS since f\ has no fixed points over I^*^^ . Therefore, fi, . . . , fj\j , hi, . . . , h2N+n+i 
do not have common fixed points in S. Thus, there exists p > satisfying the 
following condition: 

d{x , he{x)) > p 

for all X G Fix(/i, . . . , f^ , hi, . . . , hg, . . . , /i2Af+ri+i)n<S and for all ^ G {1, . . . , 2A^}. 

Let (5 > be such that the area of any disk of radius p/3 contained in E is 
greater than S. 

From Lemma l4.ll we have that the character curves 
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are contained in Int(5) and the distance between any two distinct curves of the 
above hst is greater than or equal to p. 

On the other hand it foUows from the topology of S the existence of two distinct 
curves Tf^,^ and Tf^i' in the list 15.1.11 which are homotopic. Furthermore, they 
cannot bound any disc in S since in that case, it would follow from Lemma |4.3I 
that /i, . . . , /at , /ii, . . . , h2N+n+i have common fixed points in the interior of the 
disc in question. This is however impossible. 

Consequently, T/^' and Tf^' bound a cylinder Cq C Int(iS). In addition, Co 

contains a 2-ball of radius p/3 since d(ri^' jT/^^) > p and than the area area{Co) 
of Co is greater than S. 

Now, consider the compact surface 5 — Int(Co) and let Si C 5 — Int(Co) be one 
of its connected components whose Euler characteristic is nonzero. We know that 
the connected components of dSi are not null homotopic in S. Thus, dSi has 
no more that A'^ connected components. Now, let us choose N diffeomorphisms 
01, ...,(/) AT in the list hi, ... , h2N which are different from those used to construct 
the character curves in the boundary components of Si . Again, from the induction 
assumption and by using the above construction we obtain, for each i G {1, . . . , N}: 

• a point p{(j)i) e Int(5i) which is a fixed point for all the diffeomorphisms 
/i, . . . , /at, /ii, . . . , /i2Af+n+i except for the diffeomorphism (f>i and such 
that p{4'i) is a w-recurrent point for ipi ; 

• a character curve I^'^^'^''' C Int(5i) of (/i^ at p{4>i). 

Furthermore, since 0i, . . . , 0Ar are in the list hi, ... , h2N it follows that the 
distance between any two distinct character curves of the list 

r,';(^^),...,r;j^")cint(5i) 

is greater than or equal to p. Once more, the topology of iSi implies that there 
exist two distinct curves I^^*''^''' and I^''''"'^^'' which are homotopic and do not bound 
disks in Si. Thus, they bound a cylinder Ci C Int(iSi) such that area{Ci) > S 

since d(r,^(^-\r,f^))>p. 

Consider now the compact surface Si — Int(Ci) and let ^2 C iSi — Int(Ci) 
be one of its connected components whose Euler characteristic is nonzero. Once 
again, we know that dS2 has no more than TV connected components since they 
are not null homotopic in E. Now, consider N diffeomorphisms ipi, . . . ^^pN in 
the list hi, ... , h2N different from those used to construct the character curves in 
the boundary of Repeating the construction above we obtain for each i G 
{l,...,N}: 

• a point piipi) G Int(iS2) which is a fixed point for all the diffeomorphisms 
/i, . . . , /tv , ft-i, . . . , /i2Af+n+i except for the diffeomorphism ipi and such 
that piipi) is a cj-recurrent point for tpi ; 

• a character curve I^^*"'^"' for i/jj at p{ipi) such that, two character curves 

satisfy d{rl^'^'\rj^l-^^^) > p for aU i ^ j and {!,..., N}. 

Applying this construction successively we obtain an infinite family of pairwise 
disjoint cylinders (Ci)i>o in Int(5) such that the area of each cylinder is greater 
than 6. This is a contradiction since the area of E is finite. □ 

Applying Theorem 15 . II for iS = E we obtain: 

Theorem 5.2. // /i, ...,/« G Vsat+i are commuting diffeomorphisms of E then 
they have common fixed points. 
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Now, Theorem ll . ll foUows from the above result and from the following reasoning 
which can be found in 8 and 

Let T C VsAT+i be a nonempty set of commuting diffeomorphisms of E and 
let 7^ C be a finite subset of T . Then, by Theorem 15.21 it follows that 
Fix(5) 7^ 0. Hence, the family {Fix(/)}/gjr of closed subsets of E has the "finite 
intersection property" which implies that Fix(jF) ^ and proves Theorem ll.il 



6. The main lemma 

Now we prove the Main Lemma which is necessary to obtain Lemma l4.2l accord- 
ing to our strategy. We shall prove that the /c + 1 diffeomorphisms 

Jo 1 ■ ■ ■ 1 Jk~l , Jk ° • • • ° /3JV 

have a common fixed point in Int(iS) provided that convenient character curves in 
the boundary of S and convenient exponents , ... , t^n are available. 

For the sake of simplicity we use /o to denote the identity map of the surface 

E. 

The proof of the Main Lemma will be by induction on k and by contradiction. 
We do it in two steps. The first one is Lemma [6.11 where we prove the case k — 1, 
that is, we prove that fl^o ■ • ■ o has a fixed point in Int(5) by means of the 
classical Poincare Theorem for singularities of vector fields. 

The second step is the Main Lemma itself where we prove the case fc > 1. It 
follows very closely the proof of Theorem 15. II 

In order to simplify the statement of the next lemmas we introduce the following 
definition. 

Definition 6.1. Let 1 < A: < 3iV— 1 be an integer. Consider subsets , . . . , A^n Q 
{1, 2iV} and integers tj e {!,..., 2N}-Aj for all j G {A:, . . . , 37V}. Given a sub- 
set A C {1, 3A^} together with commuting diffeomorphisms /i, . . . , f^^ one says 
that a simple closed curve F C E is a character curve associated to A^, . . . , Asat , 
Tfc , . . . , T3Ar , A , /i , . . . , /37V if : 

(1) either there is A G A and a point 

p e Fix(/i, . . . ,7r, . . . ,/3Ar) - Fix(/A) 

for which F is a character curve of fx at p; 

(2) or there are ^ € {fc, . . . , 3N — 1} , a number i G A^ and a point 

M G Fix(/o, . . . , /^/Jf/o . . . 0/3--) - Fix(/5) 
such that F is a character curve of /j at /z. 

Now, we have the following lemma. 

Lemma 6.1. Consider subsets Ai, . . . , A3Ar C {1, . . . , 2A''}, integers G {1, . . . , 2A'^} — 
Aj for all j G {1, . . . , 3N} and a subset A C {1, . . . , 3N} such that 

< #(Ai) + • • • + #(A3Ar) + #(A) < N. 

Let fi,...,fj,N G V'37v+i be commuting diffeomorphisms and let S <Z Y, be a 
compact connected surface with 7^ 0. Suppose that any connected component 

F of dS satisfies the following : 

• T is not null homotopic in E ; 

• T is a character curve associated to Ai , . . . , A3JV , n , . . . , T37V , A , /i , . . . , /sat . 



COMMUTING DIFFEOMORPHISMS 



10 



Then /^^o /J^o • • • o has a fixed point in Int(iS). 

Proof. We have that 1 < n < • • • < Tgjv < 2A^ and /i, . . . , /sat G Vsat+i. Then, 
it follows from the definition of the decreasing nested sequence {Vk}k>i that fi S 
VsAT+i C V2 and 

- ■ ■ ° fi'° • • • ° /saT £ V3Ar+i_(3Ar_i) = V2 . 

Now, from the commutativity of /i, . . . , f^N we conclude that 

il o • • • ° Jg^ - [h ° ■ ■ ■° h ° • • • ° JgJV j ° h 

has the form h o where , / £ V2 , / e {/i, . . . , /sjv} and 1 < i < 2N. 

Let us consider the first type of connected component of dS, described in item 
(1) of Definition ED 

From item (|2l of Lemma lTTI we know that the character curve Tj"^ is j^-tangent 
to the vector field Xf^. Then, it follows from item of Lemma f3. II fcase i — 
in item |0J) that the connected components of dS of type I^^ are ^-tangent to 
the vector field X.^i „ „ * „ „ f^sN . 

Jl ° °Ja ° °J3N 

For the second type of connected component of dS we have the following. If 
I^'^ is a connected component of dS for some integer ^ G {1, . . . , 3A^ — 1} then 
Definition 16. II implies that 

/i e Fix(/i^^ • • • o/|o/j;+/o . . . o/;-) - Fix(/5) 

where i G C {1,...,2A^}. Besides, item (jSJ of Lemma 13.11 vields that I^^ 
is Y^-tangent to the vector field Xf^ . Therefore, it follows from item of 
Lemma 13.11 that Tf is ^-tangent to the vector field X.t^ .^^ .xgjv since 

e{l,...,2iV}-Ae. 

Thus, Xy^i^ ... ^jT3„ has a singularity in Int(5) by the classical Poincare The- 
orem, since x('5) 7^ 0. Hence, the map fl^o - ■ ■ o/J|f' has a fixed point in Int(iS) 
and the proof is finished. □ 

Main Lemma. Consider subsets A^, . . . , Agjv 5 {1, . . . , 2N}, integers tj £ {1, . . . , 2A^} — 
Aj for all j G {k, . . . , 3iV} and a subset A C {1, . . . , 3A'^} such that 

< #(Afe) + • • • + #(A3Ar) + #(A) < N where I < k < 3N - I . 

Let fi, ■ ■ ■ , fsN G be commuting diffeomorphisms and let S <Z Ti be a 

compact connected surface with xi^) 7^ 0- Suppose that any connected component 
r of dS satisfies the following : 

• T is not null homotopic in S ; 

• T is a character curve associated to Ak , . . . , Agjv , r^, . . . , Tgjv , A , /i, . . . , /sat. 

Then the diffeomorphisms /o , . . . , fk-i , fk'°° • • • ° f^ff have common fixed points 
in Int(iS). 

To prove, for example, that the case A; = 1 implies the case A; = 2 in the 
Main Lemma, we need to construct N convenient character curves supported by 
some special positive semi-orbits as in the proof of Theorem 15. II For this we need 
to prove again that these semi-orbits stay in Int(iS) and that the corresponding 
character curves are pairwise disjoint and do not intersect the character curves 
in the boundary of S. These two fundamental steps are proved in the next two 
lemmas that we state without proof. Their proofs will be given in the last section. 
These two lemmas are actually a blend of Lemma 4.1 of DO, page 67] and Lemma 
4.2 of [3 page 106] in a more general settings. 
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We recall that the notation /i, ...,/>,..., means that fx is not in the list. 
Similarly, kj is not in the list /ci , . . . , fcj , . . . , A;„ . 

Lemma 6.2. Let fi,---,f3N S V3N+1 be commuting diffeomorphisms and let 
1 < A, ^ < 3A'' be integers. Let I^^^ and be supported by 0^^{f\) and 

0'^.{f^) respectively where 

• PA e Fix(/i, . . . , /a, . . . , fsN) - Fix(/A) ; 

. e Fix(/^i o . . . o /|o . . . o ) - Fix(/5) ; 

and J, fci, . . . , /cj, . . . , k^N G {li ■ ■ • j 2A^}. Then, we have : 

• ^/f ^/f = ^ ; 

. 4^ n T/; = 0. 

Moreover, let p > and i ^ j with i ,j E {1, . . . , 2A^} be such that 

d{xj^{x))>p, VxeOX(/e)uoX(/?)- 

Then d{T/^\T/^')>p. 

Lemma 6.3. Let /i,...,/„j G V3N+1 be commuting diffeomorphisms where 3 < 
m < 37V and let ^/^^^J^^ be curves supported by 0^.{fi) , 0+ (/2) respectively 
satisfying : 

. e Fix(/^ /|o /g^^o • • • o /^,") - Fix(/i) with l<j<2N; 
. M< e Fix(/i J^of^^o---o f^j- ) - Fix(/2) wit/i 1 < z < 2iV arirf I ^ fc ; 
where k, k^, . . . , /c„i G {1, . . . , 2A^}. Then, we have: 

• n 7^; = anrf r^"^^' n r^^' = ; 
' Tjjnif ^0 anrf i}^- n7| -0; 

. 0+ (/i) n r^f = and r^";^ n o+ (/a) = 0. 

The next proof follows very closely the proof of Theorem 15. II 

6.1. Proof of Main Lemma. The proof will be by induction on fc S {1, . . . , 3A^ — 
1}. The case fc = 1 is proved in Lemma Ft). II 

Let us assume that the statement holds for some k e {1, . . . , 3A^ — 2}. We will 
prove that it also holds for k + 1. 

For this, suppose for a contradiction that the diffeomorphisms 

/i,...,/fe and /^^r°---°/3T 
have no common fixed points in Int(5). For each j e {1, . . . , 2iV} let us consider 
the maps 

/o , • ■ • , /fc-i and fl o fjf^^ o • • ■ o /gl^ . 
The induction assumption on k asserts that these maps have a common fixed 
point /ifc.j e Int(5) for all j G {1, . . . , 2A^} since we can take = to apply the 
induction assumption. Moreover, we have: 

• /fc(Aifcj) 7^ Mfc.i for all j G {l,...,2iV} since the maps fi,...,fk and 
fjf^io ■ ■ ■ o have no common fixed points in Int(5) ; 

• Int(iS) which follows from Lemma [6.21 and from Lemma [6.31 
since G {1, . . . , 2A^} — for all integer ^ G {k + 1, . . . , 3N — 1}. Lemma 
16.21 guarantees us that jf^'''^ does not intersect the connected components 
TF of dS, described in item (1) of Definition 16. II Lemma [6 . 31 assures that 
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Jfl'''' does not intersect the connected components 1^ of dS, described in 
item (2) of Definition lO for aU ^ e {k + 1, . . . ,3N - 1}. 
By using Zorn's Lemma and the commutativity of the diffeomorphisms /i , . . . , f^^ 
one can suppose without loss of generality that fik.j is a cj-recurrent point for fk- 
In that case, let ^fj''' be a character curve for fk at fJ^kj- By using Lemmas 16.21 
and 16.31 as above we conclude that Vf^"-' C Int(5). 

By assumption, the maps /i , . . . , fk and f^'^i" ■ ■ ■ ° f^^ have no common fixed 
points in Int(5). Moreover, it follows from item Q of Lemma 13. ll that the map 

/l° • • • ° Ik ° Jk+l ° - ■ ■ ° JsN 

do not have fixed points over dS. Thus, /i , . . . , fk and fk+i"' ' ' ° flW have no 
common fixed points over dS. It results that /i , . . . , and fk^i^ • • ■ o do 
not have common fixed points in S. In such case, there exists p > satisfying the 
following condition: 

d{x , fk{x)) > p 

for all X G Fix(/o , . . . , fk-i , fk ° fl+i"' ' ' ° /alf ) ^ ^'^d ^o^' integer ^ such 
that l<i<2N. 

Let (5 > be such that the volume of any ball of radius p/3 contained in E is 
greater than S. 

Now, from Lemma l6.2l we have that the distance between any two distinct curves 
of the list of character curves 

^T'' ' ■ ■ ■ '^fT''" Clnt(5) 
is greater than or equal to p. Moreover, the topology of 5 C S implies that in the 
list r/"'' , . . . , T/"'-" of N elements there exist two distinct curves V!"'-' and F/"'^ 
which are homotopic. On the other hand, it follows from Lemma 14.31 that these 
curves can not bound disks in S. Thus, we conclude that these two curves bound a 
cylinder Co C Int(iS) which contains a ball of radius p/3 since d{T^'^''-' , T^'^'''^ ) > p- 
Consequently, the area area{Co) of Co is greater than S. 

Consider the compact surface S — Int(Co) and let Si C S — Int(Co) be one of 
its connected components with nonzero Euler characteristic. We know that the 
connected components of dSi are not null homotopic in E. Thus, iSi has no more 
then N connected components in its boundary. 

At this step the connected components of dSi are character curves associated 

to 

,Al_^_i , . . . , Agjv J,Tk+i, . . . ,T3N,A^,fi , . . . ,/3Ar 

where: 

. Al^{tk ; r;;^-'= c95i} c {!,..., TV}; 
• A| C A^ for aU (e{k+l,..., 3N} and A^ C A ; 
. je{l,...,2N}-Al. 
Of course, Aj,, . . . , Agjy, A^ arc such that 

#(Ai) + ... + #(Ai^) + #(Ai)<^. 

Now let us go back to the diffeomorphisms 

fo, ■■ ■ , fk-i and fl o /^^y o • • • o 

and let us take j e {1, . . . , 27V} - A^. Note that #({1, . . . , 2iV} - A^) > N. From 
the induction assumption it results that they have common fixed points pk,j S 
Int(4Si) for all j G {1, . . . , 2A^} — A^. Repeating the same arguments as above we 
can assume that pkj is w-recurrent for fk since 0'^^ j{fk) C Int(5i). At this 
point we only need to verify that 7^*'"' do not intersect ^f^'"^'' which is true since 
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j G {1, • ■ • ,2A^} — and ik G A^. Following these arguments we conclude that 
there are two distinct curves I}^*"'' and I^^'''^ in the family of character curves 
contained in Int(5i) 

iVfc I je{l,...,2N}-Al 

which are not null homotopic in iSi and bound a cylinder Ci C Int(5i). Further- 
more, area{Ci) > S since we have ' , T^^'' ' ) > p for alH , j e {1, . . . , 2A^}-A^ 
with i ^ j. 

Consider now the compact surface Si — Int(Ci) and let S2 C Si — Int(Ci) be 
one of its connected components whose Euler characteristic is nonzero. Once again, 
we know that the connected components of are not null homotopic in E and, 
consequently, ^2 has no more than N connected components in its boundary. 

At this step the connected components of dS2 are character curves associated 

to 

Al ,Al^i , . . . , A3JV J,Tk+i, . . . ,r3Ar, A^,/i , . . . ,/3Ar 



where: 



Afe = {*fc ; C C 952} C {!,..., 2iV}; 

A| C A| for all C e {fc + 1, • ■ ■ , 3A^} and A^ c A^ 



Of course. A?, . . . , Ao»f, A-^ are such that 



J G {!,..., 2A^}-A2.. 

fc' • ■ ■ ' ^*^3JV' 

#iAl) + ■■■ + MAIn) + #(A^) < N. 

Again, let us consider the diffeomorphisms 

fo, ■■ ■ , fk-i and fl o o • • • o /gl^ 

and let us take j G {1, . . . , 2A^} - A^.. Note that #({1, . . . , 27V} - A^) > N. Once 
more, the induction assumption on k asserts that they have common fixed points 
fik,j G Int(iS2) for all j G {!,..., 2A^} — A^. Repeating exactly the same arguments 
as above we can assume that fikj is w-recurrent for fk and we obtain two distinct 
curves I^^'^"',!^^'''' in the family of character curves contained in Int(iS2) 

tVfc lje{l,...,2N}-Al 

which are not null homotopic in 52 and bound a cylinder C2 C Int(52). We 

fk ' fk 

By successively repeating the above construction we obtain a family of pairwise 
disjoint cylinders {Ci}i>o contained in E and such that area{Ci) > S for all 
integer i > 0. This is however impossible and therefore completes the proof of the 
statement. 



have also that area{C2) > S since the distance o?(rf^'°% F^^^'"'^ ) > p for all i,j & 
{l,...,2iV}-A2 with z^j. 



7. Proof of Lemma 

Suppose for a contradiction that the diffeomorphisms /i , . . . , /37V have no com- 
mon fixed points in Int(5). For each j G {1, . . . , 2A^} let us consider the 3N — 1 
diffeomorphisms 

fl , ■ ■ ■ 1 f3N-2 , Hn-I ° hN- 

Taking k = 3iV— 1 and A3Ar_i = in the Main Lemma we conclude that they have 
a common fixed point ji^N-ij G Int(5) for all integer j G {1, . . . , 2N}. Moreover, 
we have: 
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• f3N-i{fJ-3N~i,j) 7^ fJ-3N-i,j for all j G {1,...,2A^} since the diffcomor- 
phisms /i, . . . , /37V have no common fixed points in Int(5) ; 

• C/i3]v-i,i (/aw-i) Int(iS) which follows from Lemma [6.21 

Zorn's Lemma and the commutativity of the maps /i, . . . , f^N allow us to sup- 
pose without loss of generality that fi^i^-ij is a w-recurrent point for /37v_i. In 
that case, let I/g^"^^'^ be a character curve for fsN-i at fi^N-i.j- Once more, 
from Lemma 10 we have that F^j^™;' ' C Int(5). 

From now on the proof of the lemma is concluded by repeating the proof of 
the Main Lemma: it suffices to substitute "fc" by "3N — 1" and the "induction 
assumption" by the "Main Lemma" . 



8. Proofs of technical lemmas 

In this section we prove the last two technical lemmas. The proofs are similar 
but more technical than the proof of Lemma [4.11 because we treat the dynamics of 
curves supported by positive semi-orbits in a more general settings. 

8.1. Proof of Lemma I6.2L Firstly note that for each j G {1, . . . , 2A^} the map 
f^^o • • • o /|o • • • o /g^" has the form h of^ where the maps h , f £ V2 , / G {/i, • . • , /sn} 
and the integer £ G {1, . . . , 2A^}. 

Hence, it follows from item (jSJ of Lemma lH . 1 1 (case i = in item lO) that the dif- 
feomorphism /f^o • • • o /|o ■ • • o /g^^" has no fixed points in the baU B(/r (pa) ; 3 (pa) , fT^Hpx))) ■ 

Now, let us prove that I^^'^ n I^^^ = 0. For this, suppose for a contradiction that 
there exist m,n,k,l > such that 

[/rbA),/r(i>A)]n[/|(A*,),4(M,)]7^0 

where 

difT{Px)Jx{Px))<ld{friPx)JT^\px)) 

By the triangle inequality we have 

difriPx) , < d{fT{px) , fUPx)) + , 

< I d{fT{px) , fT^\px)) + I , /r^M,)) 

< 3max {difTiPx) , fT^\px)) , , /^'(m,)) }■ 

Consequently, we have two possibilities: 

• either is in the baU B{f^^{px) ;3d{fr{px) J^+\px))) which is 

however impossible as follows from the remarks below: 

- fiif^j) e Fix(/^o • . . o /|o • • • o /g*^^") by commutativity; 

- the diffeomorphism /f^o • • • o /| o • • • o /gj^" has no fixed points in the 

ball B(/r(PA) , 3 d(/r(PA) , fT^'iPx)) ; 
. or is in the ball B{f^{fi,) -^Sdif^ifi,) J|+\^l,)))■. 

- If A ^ ^ then we have that f™{p\) is a fixed point for which 
is a contradiction since does not have fixed points in the ball 
B(/j'(M,);3d(/|(M,),4+i(A.,))) where ^ Fix^^) ; 



COMMUTING DIFFEOMORPHISMS 15 

- If A = C then we have f^{px) G B{f^{i,,) ■3d{f^i^i,) , 

and (pa ) G Fix(/i'i o • • • o o • • • o /g*^^" ) . On the other hand we have 
also that f^i/ij) e Fix(/^o ■ . . „ /^^ • • • o /^j^") - Fix(/A). Thus, it fol- 
lows from item Q of Lemma lXTI that the diffeomorphism f^^ o • ■ • o o • ■ • o /; 
has no fixed points in the ball B(/^(/ij) ; 3 d{f^{iij) , fx^^ifJ-j))) which 
is a contradiction. 

The preceding discussion has shown that I^^' D I^^^ — 0. Similar arguments prove 
that -f^^' n r^.^^ = for aU j e {1, . . . , 2N}. 

In addition, 0'^-{f^) C Fix(/^^o • • • o /|o ■ • • o /g^™) since the diffeomorphisms 

commute. Thus, it follows from item © of Lemma 10 that 0^-{f{} n T^^ = 
for all j e {!,..., 2N^ as we have seen in the beginning of the proof. This proves 
the first part of the lemma. 

To prove the second part let p > and i ^ j with i , j e {1, . . . , 27V} be such 
that 

d{xj^{x))>p , Va;e(!?+(/4)UOX(/«)- 
Suppose that (i(I^^'' , 1^^^ ) < p. In that case there exist m,n,k,l > satisfying 
(|8.0.1|l and two points a G , and b G [/| (A^j) , such that 

d{a ,b) < p. Therefore, 

< 4max{d(/^'»(M») ,/r^'(M.)) , d{f^{^l,)J^■+\p,))}. 

Consequently, 

- either /|(^,) is in the ball B(/^"'(/i,) , 4 (/z,) , which is 
impossible by item (j^J of Lemma l3.ll since f^{nj) is a fixed point of 
/^'° • • • ° /|° • • • ° /si^" and i 7^ j ; 

- or f^{pi) is in the ball B(/|(^j) ,4d(/|(/^j) , which is impos- 
sible by the same reason. 

The proof of Lemma l6.2l is finished. 

8.2. Proof of Lemma l6.3L As remarked in the last proof, for each j G {1, . . . , 2A^} 
the map f{ o /| o /g^o • • • o f^^ has the form h o/^ where , / G V2 , / G {/i, . . . , fm] 
and the integer I lies in {!,..., 2A^}. 

Suppose that there exist m,n, k,l > such that 

[/r(^.),/i"(^.)]n[/2'-(M.),/^(MO]/0 

where 

d(/r(^,),/r(^,)) < |d(/r(^,),/r'(^,)) 

rf(/2(M»),/2(A^0) < |rf(/2(A^.),/2'+'(M»))- 

By the triangle inequality we have 

< 3 max {d{friu,) , fr+\iy,)) , d{f^{p,) , /2'+'(a^.)) }• 

Consequently, 
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• either is in the baU B(/|"(i/j) ; 3d(/f (i/^) , /f which is 
impossible since /2 (Mi) £ Fix(/i) and /i has no fixed points in the ball 
B{fr{i^j) ; 3 d{fr{,y,) , fr+\v,)) because fr{vj) i Fix(/i) ; 

• or fY^{vj) G B(/|(//i) ;3d(/|(/ii) ,f2^^{^^^))) which is also impossible as 
follows from the following remarks: 

- /r(z^j) is a fixed point of f(ofiof^-o ■ ■ ■ o/^- ; 

— the diffeomorphism /i 0/2 0/3^0 • • • o/^™ has no fixed points in the ball 
B(/2 (^i) ; 3d(/2'(^i) , /2^^(Mi)) when i ^ k as a consequence of item 
Q of Lemma O Note that we have m G Fix(/j' o/^ 0/3*^=^0 • ■ • o/^-) 
and fM i Fix(/2). 

This argument proves the first two items of the lemma. 

To finish the proof we remark that 0^(7i) C Fix{f(of^of!^\ ■ ■ ■ of^). On the 
other hand, G Fix(/j' 0/30 f^^o • • • o f^) — Fix(/2) and consequently, there is 
no fixed point of f( ° f2 ° fs^ ° ' ' ' ° fm" over the curve I^^' since i k. Thus, 

o+ih) n r^f = 0^ 

Finally, T^"^' n C'i(/2) = since OX{f2) C Fix(/i) and /i has no fixed points 
over I^^^ . The proof is finished. 
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